The ratio of directional strength-to-stiffness is important in governing the relative order in which individual crystals within a polycrystalline aggregate will yield as the aggregate is loaded. In this paper, a strength-to-stiffness parameter is formulated for multiaxial loading that extends a similar parameter developed specifically for uniaxial loading. Building on the principle of strength-to-stiffness, a methodology for predicting the macroscopic stresses at which elements in a finite element mesh yield is developed. This analysis uses elastic strain data from one increment of a purely elastic finite element simulation to make the prediction, given knowledge of the single-crystal yield surface. Simulations of austenitic stainless steel AL6XN are used to demonstrate the effectiveness of the strength-to-stiffness parameter and yield prediction methodology.
I. INTRODUCTION
CRYSTALS exhibit both elastic and plastic anisotropy. The elastic anisotropy is intrinsically linked to the crystal structure making it dependent on crystallographic orientation. Plastic deformation due to crystallographic slip occurs on a limited number of slip systems, a mechanism referred to as restricted slip. For a prescribed stress state, some crystallographic orientations are more favorable for slip than others. Thus, the directional strength of a crystal also exhibits orientational dependence. For uniaxial loading, the elastic response is characterized by the directional modulus (stiffness) and the orientational dependence of strength is typically characterized by either the Schmid or Taylor factor. [1] The Schmid factor is based on an isostress assumption, which satisfies equilibrium, whereas the Taylor factor is based on an isostrain assumption, which satisfies compatibility. Both factors relate the macroscopic yield stress (strength) to the critical resolved shear stress on a slip system. While these metrics are useful for describing an individual crystal's properties, neither is effective for predicting the onset of yielding in the context of a polycrystal. In polycrystals, crystals yield when the stress reaches the critical resolved shear stress, just as with single crystals. However, neither the stresses nor the strains among the crystals are identical, owing to the anisotropy of the elastic behavior. As explained below, the onset of yielding depends on both the strength and the stiffness of the constituent crystals, and a parameter that embodies both of these is needed to contrast the relative responses of crystals to predict the onset of yielding.
In Reference 2 it was demonstrated for uniaxial loading that it is the ratio of directional strength to directional stiffness, rather than the directional strength alone, which correlates with the order in which crystals yield. Stiffness is important in determining the order in which crystals yield because of the deformation compatibility constraints imposed on a grain in a polycrystalline aggregate by its neighbors. To illustrate this point, the authors presented a simple analogy of two materials, one stiff and strong and the other weak and compliant, loaded in parallel between two rigid plates. For this isostrain condition, they showed that the stiff, strong material can yield at a lower applied stress than the weak compliant material-it is the ratio of strength-to-stiffness that governs which material yields first. They developed two formulations for the strength-to-stiffness parameter. The first, which they termed the single-crystal strength-to-stiffness, was formulated for isolated single crystals. In this case, the strength-to-stiffness ratio is defined as the ratio of the reciprocal Schmid factor to the directional modulus. This form of strength-to-stiffness can be evaluated analytically and can thus be used as a prescriptive measure for when a crystal will yield. However, it does not account for the fact that local stress states are different from the macroscopic stress state as a result of intergranular interactions. A second strength-to-stiffness formulation also was developed to include the effects of intergranular interactions. This parameter was evaluated using an elastic-plastic finite element simulation, and is therefore descriptive rather than predictive. The Taylor factor, defined as the ratio of the sum of the slip system shear rate magnitudes to the effective deformation rate, [3] was evaluated in the fully-developed plastic regime from simulated data. Using this, the strength-to-stiffness parameter was then defined as the ratio of the Taylor factor to the directional modulus. They termed this parameter the fiber-averaged strength-to-stiffness, because they averaged the quantity along crystallographic fibers. Its general formulation, however, need not depend on fiber averaging, as the ratio can be evaluated for individual finite elements as well. Here, it is referred to as the simulated strength-to-stiffness. The authors demonstrated good correlation between strength-to-stiffness and the order in which crystals yield in polycrystalline aggregates. The simulated strength-to-stiffness, which incorporates differences in local stress state due to intergranular effects, exhibits better correlation than the single crystal strength-to-stiffness. However, both measures exhibit similar qualitative trends.
The strength-to-stiffness parameter thus offers a more reliable alternative to 'strength-only' metrics for predicting the onset of yielding in polycrystals because it accounts for the spatial variations of stress that accompany spatial variations in stiffness. The directional strength-to-stiffness metric developed in Reference 2 is for a specific macroscopic stress state, namely uniaxial stress, and is helpful in correlating measured or simulated behaviors with single-crystal properties in polycrystals subjected to tensile or compressive loading. However, to predict the onset of yielding over a polycrystal for other stress states a generalized strength-to-stiffness metric is needed. For example, if the full macroscopic yield surface is sought, then predictions of yielding over the full range of stress triaxiality must be considered. In this paper, a new strength-to-stiffness parameter is formulated for multiaxial loading. Building on the principle of strength-to-stiffness presented in Reference 2, a methodology for predicting the macroscopic stresses at which elements in a finite element mesh yield is developed. The methodology requires only elastic strain data from one increment of a purely elastic finite element simulation to make the prediction, given knowledge of the single-crystal yield surface. Simulations of austenitic stainless steel AL6XN are used to demonstrate the effectiveness of the strength-to-stiffness parameter and yield prediction methodology. Together these provide a powerful combination of tools for both interpretation of experimental results and the construction of macroscopic yield surfaces that are informed by attributes of the microstructure. In particular, their application to two-phase alloys is explored in References 4 through 6 for understanding biaxial behaviors observed in neutron diffraction experiments and for predicting the macroscopic yield locus for planar (biaxial) loading states.
II. BACKGROUND
Crystal-scale finite element modeling of the mechanical behavior of polycrystals plays a crucial role here in the development of the correlation between the multiaxial strength-to-stiffness parameter and onset of yielding over the volume of a polycrystal. Finite element models formulated at the crystal scale, wherein individual crystals are discretized typically with many elements, have developed over the past several decades and now enjoy widespread application to a variety of problems involving deforming polycrystalline solids. Examples include material processing, fatigue and fracture mechanics (including crack propagation), geotechnical deformation processes of minerals, and processes of joining, welding, and additive manufacturing. While both two-and three-dimensional formulations have been reported in recent years, it is the three-dimensional formulations that possess the needed generality to meet the objectives here, as multiaxial loadings invoke fully three-dimensional deviatoric stress states and the grain structures of most structural alloys are not readily simplified to two-dimensional analogs.
For the purposes of the strength-to-stiffness parameter developed in this paper, two related topics arise in the investigations of structural alloys using finite element modeling that are particularly relevant. The first is the distribution of stress spatially within and among crystals of an aggregate of grains; the second is the progression of yielding over the aggregate, often referred to as the elastic-plastic transition. Regarding the first of these, interest lies also with the distribution of stress over orientation domain owing to the strong influence of crystallographic anisotropy on the mechanical response. Regarding the second, of interest are both the relative order in which constituent crystals exhibit slip and the sequence in which particular sets of slip systems initially activate. In both cases the coordination of experiment and simulation is essential to building confidence in the fidelity of the finite element methodology. Some projects have been to devoted to comparing measurement with computation and using the results to better understand deformation processes or the models used to simulate them; others have used the framework to determine single-crystal properties, such as the elastic moduli or the slip system strengths, or to assess uncertainties in the measured lattice strains. Examples of these are included in the following paragraphs.
Neutron and X-ray diffraction experiments in particular have been key because diffraction measurements of lattice distortion connect directly to the crystal-scale stress distributions. [7] [8] [9] In situ loading has proven especially valuable, as evolving lattice strains under load can be quantified directly at the crystal scale. Neutron diffraction was the most readily available probe when efforts to coordinate finite element simulations with diffraction experiments first arose. Neutron diffraction offers greater penetration depths, and thus is an attractive choice for polycrystalline solids of small or large grain sizes. High-energy X-ray diffraction, although more limited in sample sizes because of lesser penetration depths, offers more extensive data and faster acquisition rates. X-ray diffraction has been used in conjunction with finite element simulations to probe a number of issues related to crystal-scale deformation heterogeneity, as summarized more thoroughly in Reference 10. Both capabilities provide an important experimental link to crystal-scale finite element simulations.
Early efforts to coordinate finite element simulations with diffraction measurements focused on direct comparison of lattice strains for a small number of scattering vectors, typically only two or three. In many studies, lattice strains associated with scattering vectors in the loading direction and a few lateral directions were constructed under uniaxial loading conditions. Strains under load and after removing load (residual strains) were examined for loading into the plastic regime, and in some cases up to the point of localization. [11] [12] [13] [14] The variability of the lattice strains, and thus the stress, with lattice orientation was observed in both simulation and experiment and was attributed to neighborhood effects-that is, the influence of constraints imposed by neighboring grains on a grain's mechanical response. Lattice strain histories from the initial yielding through the elastic-plastic transient were particularly revealing in terms the onset and propagation of yielding. [15, 16] This led to the proposal of directional strength-to-stiffness as a critical structural parameter, as laid out in the Introduction. The directional strength-to-stiffness also has been shown to be an effective parameter for understanding hysteresis loops in cyclic loading. [17] Besides the articles already cited, articles have been published using the combined finite element simulation and diffraction experiment approach that addressed other aspects of the influence of the material properties and loading conditions on the stress state and yielding. Examples include: the influence of the elastic anisotropy [18, 19] ; the relation between slip system strengthening and peak broadening [20] ; and multiaxial loading. [21, 22] The more rapid data acquisition rates with X-ray diffraction enabled the evaluation of full pole distributions of lattice strains for suites of reflections instead of a few selected points of the distributions. [23] This prompted the comparison of stress distributions over the complete orientation domain. To help make the comparisons more precise, analyses based on discrete harmonics were introduced. Using this tool, the dominant modes of the stress distributions were compared mode-by-mode in Reference 24 for a copper alloy subjected to tensile strains of 2 pct. Similarly, harmonic analyses of lattice strain pole distributions have also been used to evaluate elastic moduli and parameters associated with the equations for slip in titanium alloys. [25, 26] Comparisons of finite element predictions of slip initiation to digital image correlation data provided confirmation that the relative strengths of the three slip families determined in Reference 26 were correctly ordered. [27] In addition, finite element simulations have been used to assist in the interpretation of diffraction data. As an example, finite element simulations provided estimates of the standard deviations in lattice strains for designated scattering vectors to help quantify of the uncertainty of lattice strains. [28] With high-energy X-ray diffraction, it is possible to probe individual crystals as well as the sets of crystals sharing a common scattering vector. In some cases, the response of an individual crystal is measured without definite knowledge of its shape or its immediate surroundings. In contrast, aggregates are spatially defined grainby-grain from X-ray tomography and the mechanical response of each grain in the aggregate is ascertained during loading. For the former, comparisons between experiment and simulation are more 'statistical' in character, as the virtual samples are representative rather than replicative. For the latter, the results to date show that we can expect the real and virtual sample to share a high level of microstructural detail in the near future, allowing for simulations that much more closely replicate specific samples tested in experiments. Examples of the former include: the determination of elastic moduli for a body-centered cubic titanium alloy [29] ; the determination of slip system strengths in a titanium alloy [30] ; the examination of residual stresses in a hexagonal close-packed titanium alloy [31] ; the assessment of deformation heterogeneity under cyclic loading [32, 33] ; and, stress development in twinning of hexagonal close-packed crystals. [34] An examples of the latter are: an examination of neighborhood and surface effects on the deformation heterogeneity of polycrystalline shape memory alloy [35] ; and, the initialization of residual stresses in crystal plasticity simulations. [36] Again, finite element simulations have been used to assist in the interpretation of diffraction data. In this case, finite element data have been used to create virtual diffraction images of diffraction patterns, [37, 38] opening the door to more directly probing the sensitivity of modeling assumptions on a material's behavior via observable diffraction images. These more spatially-correlated comparisons between experiments will continue to build greater confidence in the predictive capabilities of the finite element formulations.
For the purposes of this paper, however, it is sufficient that the simulation trends match observations of stress and yielding in a statistical sense. The body of literature as summarized here is sufficiently extensive to confidence in the results provided by finite element simulations in this regard.
III. FORMULATION OF THE STRENGTH-TO-STIFFNESS PARAMETER
The new formulation of strength-to-stiffness ratio utilizes local elastic strains, computed from one load increment of a purely elastic finite element simulation. The use of simulated elastic strains incorporates information about the local stress state in the purely elastic regime. Even though the formulation utilizes simulation data, it is still a predictive measure for the order in which crystals yield. In the present formulation, residual stresses are assumed to be zero. Only monotonic loading is considered. Furthermore, the additional restrictions that principal directions of the applied macroscopic stress remain fixed and the ratios of principal stress components are constant are imposed.
For this type of loading, the macroscopic stress tensor R can be written as the product of a scalar coefficient R and a basis tensorR
The scalar coefficient can be thought of as a stress magnitude and the basis tensor as a stress direction. In this derivation, all basis tensors are denoted with a hat. The basis tensor for the macroscopic stress is constructed such that the magnitude of the largest eigenvalue is unity. The coefficient R is positive and increases monotonically with time. Similarly, the local stress can also be written as the product of a scalar coefficient r and a basis tensorr
wherer is the local stress corresponding to a macroscopic stress ofR. In the purely elastic regime
Unlike the macroscopic stress basis tensor,R, the largest eigenvalue of the local stress basis tensor,r, is not, in general, equal to unity. Because the local stress is a spatially-varying field quantity, the basis tensor for the local stressr is also spatially varying. Once yielding begins in an aggregate of grains, Eq. [3] no longer holds. However, for the present analysis, it is assumed that the principal directions of the local stress tensor and the ratios of the local principal stress components remain constant until the local stress is on the single-crystal yield surface (SCYS). This assumption implies a linear path through deviatoric stress space. The local yield stress r 0 o is defined as the point where the stress path intersects the SCYS. The SCYS, stress path, and local yield stress are illustrated schematically for a two-dimensional stress state in Figure 1 . Recall that a general deviatoric stress state is five-dimensional. The von Mises stress defines a norm in deviatoric stress space and represents the distance from the origin O to r 0 .
Yielding corresponds to the onset of plastic deformation due to crystallographic slip. Crystallographic slip occurs on a restricted set of slip systems, where a denotes the slip system index. The resolved shear stress on the a-slip system, s a , is the projection of the local deviatoric stress onto the slip system
where P a is the symmetric part of the Schmid tensor. In the rate-independent limit, a crystal yields when the magnitude of the resolved shear stress on any slip system first reaches the critical resolved shear stress s a cr for that slip system. It is assumed that there is no Bauschinger effect and that each slip system is equally resistant to slip in the forward and reverse directions. The yield condition is given by
Let ðÁÞ Ã denote a slip system with the highest resolved shear stress relative to its strength, so that
By construction, the local yield stress r 0 o is a scalar multiple of the local deviatoric stress r 0 for a linear stress path. The two stresses are related by a scaling of js Ã j=s
½8
This can be proven by taking the projection of the local yield stress in Eq. [8] onto a slip system corresponding to s Ã and rearranging terms
½9
Since r 0 and r 0 o are related by a scaling, the lefthand side of Eq. [9] is positive. Therefore,
½10
An interpretation of the ratio js Ã j=s Ã cr can be derived by taking the norm of both sides of Eq. [8] and rearranging terms
In deviatoric stress space, the ratio js Ã j=s Ã cr represents the distance from the origin to the local deviatoric stress kr 0 k, normalized by the distance from the origin to the SCYS along a linear loading path kr The strength-to-stiffness ratio r SE , which governs the onset of yielding, is related to js Ã j=s Ã cr and has the form r SE ðRÞ kðRÞ s
where kðRÞ is a dimensionless scalar. In this general formulation, r SE is a function of the macroscopic stress level, R. The apparent dependence of the strength-to-stiffness ratio on the macroscopic stress can be eliminated by an appropriate kðRÞ. Furthermore, the appropriate choice of kðRÞ will allow r SE to be cast as a ratio of strength to effective stiffness. Substituting Eqs. [11] into [12] The ratio 0 ðRÞ=E eff ðRÞ is independent of R because E eff is proportional to 0 . The strength-to-stiffness ratio in this formulation is likewise independent of the stress coefficient R. However, it still depends on the principal directions of the macroscopic stress and the ratios of the principal macroscopic stress components, contained in the stress basis tensorR. The strength-to-stiffness ratio can therefore be written as
In this form, it is clear that r SE represents the ratio of an effective strength kr 0 o k to an effective stiffness (stress per unit strain) kC 0 =E eff k. In practice, the form of Eq. [12] is used to calculate strength-to-stiffness, with k ¼ E eff
The variables appearing in Eq. [18] , E eff and s Ã , are evaluated at any macroscopic stress R in the elastic regime that satisfies Eq. [1] for the load path of interest. The local deviatoric elastic strain 0 can either be evaluated from one load increment of a purely elastic finite element simulation or approximated with an isostrain assumption.
IV. CONSTITUTIVE MODEL EQUATIONS
The strength-to-stiffness parameter is developed in the context of a mathematical model of the elastic-plastic behavior of polycrystalline solids. This model is set at the physical length scale of crystals such that the entire body is an aggregate of grains, numbering from just a few to possible millions. A material point within the model is a domain within a crystal in which the properties are those of a subdomain of a single crystal. A brief explanation of the constitutive equations of the model is presented in this section. These equations are part of a complete mechanical model for the motion of a deforming polycrystal. The complete model is outlined in the Appendix. For more detailed information the reader is referred to References 39 through 41.
The constitutive model for a volume of material within one grain of deforming polycrystal employs a kinematic decomposition of the deformation into a sequence of deformations due to crystallographic slip, rotation, and elastic stretch. Using this decomposition, the deformation gradient, F, can be represented as
where F p , R Ã , and V e correspond to crystallographic slip, rotation, and elastic stretch, respectively. A schematic of this decomposition is provided in Reference 39. This decomposition defines a reference configuration B 0 , a deformed configuration B, and two intermediate configurations B andB. The state equations are written in the intermediateB configuration defined by the relaxation of the elastic deformation from the current B configuration. Elastic strains, e , are required to be small, which allows the elastic stretch tensor to be written as
The velocity gradient, L, is calculated from the deformation gradient using the relationship
The velocity gradient can be decomposed into a symmetric deformation rate, D, and skew-symmetric spin rate, W
A generic symmetric tensor, A, can be additively decomposed into mean and deviatoric components
*This form of Hooke's Law differs from that presented in Section IV (Eqs. [27] to [29] ) in that here the Cauchy stress appears and there the Kirchhoff stress is used. The difference is small between the two, generally a fraction of a percent. Using the Cauchy stress here simplifies the development without altering the results significantly.
where 1=3trðAÞ is the scalar mean component and A 0 is the tensorial deviatoric component. Utilizing Eqs. [19] - [23] the volumetric deformation rate, deviatoric deformation rate, and spin rate can be expressed as
whereD p andŴ p are the plastic deformation and spin rates, respectively.
Constitutive equations relate the stress to the deformation. The Kirchhoff stress, s, in theB configuration is related to the Cauchy stress, r, in the current configuration B by the determinant of the elastic stretch tensor
The Kirchhoff stress is related to the elastic strain through anisotropic Hooke's law
where K is the bulk modulus and C is the fourth-order stiffness tensor. Plastic deformation due to crystallographic slip occurs on a restricted set of slip systems. For FCC crystals, slip occurs on the {111} planes in the h110i directions. For BCC crystals, slip on the {110} planes in the h111i directions is considered. The plastic deformation rate and plastic spin rate are given bŷ
whereP a andQ a are the symmetric and skew-symmetric components of the Schmid tensorT a , and _ c a is the shear rate on the a-slip system. The Schmid tensor is defined as the dyad of the slip direction,ŝ a , and slip plane normal,m 
½32
The slip system shear rate for a given slip system is related to the critical resolved shear stress on that slip system, s a , by a power law relationship
where _ c 0 is a reference slip system shear rate and g a is the slip system strength. The resolved shear stress is the projection of the deviatoric stress onto the slip system
A modified Voce hardening law is used to describe slip system strength evolution
where h 0 is the reference hardening rate, g s is the saturation strength, and n 0 is the hardening exponent. The hardening law is isotropic-at a given material point, all slip systems harden at the same rate.
The rate of lattice re-orientation follows directly from the equation for the plastic spin, assuming that the slip system shearing rates are known. Written in terms of the Rodrigues vector:
where
V. MATERIAL, VIRTUAL SAMPLE AND LOADING
The new multiaxial strength-to-stiffness framework is used to examine the initiation and propagation of yielding in AL6XN, a super-austenitic stainless steel with nominal composition consisting 49 wt pct Fe, 20 wt pct Cr, 24 wt pct Ni, 6 wt pct Mo, and <1 wt pct each of N, Mn, Si, and Cu (as per fact sheet by Reference 42) . It has a face-centered cubic (FCC) crystal structure. A micrograph, given in Figure 2 for a specimen etched to highlight the grain boundaries is typical of this alloy. The structure is essentially single-phase with a relatively equiaxed grains. The average grain size is on the order of 50 lm. There is evidence of mechanical twins from prior deformation and of second phase particles (referred to as the sigma phase) that are much smaller than a typical grain of the primary phase.
For a study such as this, the construction of a virtual polycrystal represents a trade-off between fidelity of the microstructural detail and size of the resulting mesh. Larger meshes permit the inclusion of finer-scale attributes of the microstructure. However, there are practical limits to the mesh size, mainly stemming from the time it takes to run simulations using very large meshes. Ultimately, the resolution of the mesh (and thus definition to resolve finer features) depends on the intended use of the simulation results. Much greater resolution is needed if one is looking for high precision around fine features. Lower resolution is sufficient if one is intending to examine trends from a statistical viewpoint, which is the case here. Thus, a close match between the virtual sample and the real microstructure in terms of detailed features of the microstructure is not
required is a virtual polycrystal with sufficiently large number of grains and elements within the grains to deliver valid statistical estimates of yielding. To this end, a virtual polycrystal consisting of 5000 crystals was instantiated, as depicted in Figure 3 , and discretized with 550,680 elements the Neper code. [43] This renders a mesh with an average of about 110 elements per crystal.
The measured crystallographic texture of this sample is characteristic of a weak rolling texture. For the purpose of demonstrating the multiaxial strength-to-stiffness parameter, however, the texture was taken to be uniform (equal probability of all orientations, often referred to as 'random') as we did not want to bias the results toward one particular texture. Thus, to initialize the texture of the virtual polycrystal, orientations were chosen randomly from a uniform distribution and assigned to grains. All of the finite elements within a grain were given the same initial orientation. Evolving the orientations with plastic deformation was carried out element-by-element according to Eq. [36] .
The elastic and plastic crystal properties used in prior modeling efforts related to this alloy [21, 44] are used here. The elastic moduli are taken from Reference 45, and are listed in Table I . The plasticity parameters, listed in Table II , were determined by fitting measured stressstrain responses on this alloy. Simulated responses are shown in Figure 4 . Symmetry boundary conditions were applied to the three orthogonal surfaces described by x ¼ 0, y ¼ 0, and z ¼ 0. These boundary conditions consist of zero-valued velocity component in the direction normal to the surface and zero-valued traction component tangent to the surface. Mixed velocity/traction boundary conditions were applied to the other three orthogonal surfaces. On each surface, the normal component of velocity was prescribed uniformly over the surface, and the tangential component of traction was set to zero. A constant normal velocity on the z-surface was imposed throughout the simulation to produce a constant engineering strain rate of 10 À4 s À1 in the axial z-direction. Iterations were performed on the normal components of velocity prescribed on the other two surfaces at each step of the simulation, so as to maintain the prescribed ratios of macroscopic stress components. The prescribed ratios were chosen to give particular biaxial stress states ranging from simple uniaxial stress to balanced biaxial stress. The stress tensor for these stress states can be written in the principal basis as: By adjusting the boundary velocities as described above, two components of the stress, r xx and r zz , are controlled to give prescribed levels of stress biaxiality. The remaining component of the stress, r yy , is held fixed at zero. The level of stress biaxiality is quantified by the biaxial See Section IV for parameter definitions.
ratio (BR):
r xx r zz
. For uniaxial tension, BR equals zero, while for balance biaxial tension, BR is unity. Simulations were conducted for five biaxial ratios: 0.0, 0.25, 0.5, 0.75, and 1.0.
A sample under load is taken to have reached macroscopic yielding when a sufficient combination of regions of local plasticity interconnect to form a surface that spans any load bearing cross section of the sample. The cross section need not be planar nor have any particular orientation relative to sample axes. An equivalent manner to define the onset of macroscopic yielding is to require that no elastic ligament can be found that spans the sample between the load bearing surfaces. Satisfying these requirements implies the existence of a yield band within the sample. Detecting the load at which a yield band first forms necessitates examining the spatial arrangement of the regions of local plasticity. Two such methods were considered, the existing method known as a flood-fill algorithm [46] and a new method based on eigenmodes of an elastic surrogate.
A flood-fill algorithm is a geometric-based method that can be used to test for the presence of a yield band. The flood-fill algorithm determines whether two opposing mesh surfaces are connected via the solid or structure within the boundary of the body. Here, the body between the surfaces is comprised of elements of the mesh that have yet to yield locally; elements with active plasticity are ignored. Two disconnected surfaces imply the existence of a yield band because there is no longer an elastic ligament connecting the surfaces. In using the flood-fill algorithm here, three different criteria for element connectivity were considered: elements share at least one face, elements share at least one edge, and elements share at least one vertex. Of these three connectivity criterion, the vertex connectivity is most analogous to the eigenmode formulation, discussed next, and was therefore used in the analysis.
The second method of macroscopic yield detection is based on the eigenmodes of an elastic surrogate. As with the flood-fill algorithm, any element with active plasticity is excluded from the computation. The finite element model of the elastic surrogate will have eigenmodes and associated eigenvalues that characterize its structural behavior. In the event that there are eigenmodes with zero-valued eigenvalues, a singularity exists that implies a zero-work mode of deformation is possible. If such a mode corresponds to separation of the loading surfaces, then a yield band has formed. This approach provides a clear numerical test, but the challenge in applying the approach is to separate global zero-work modes from local zero-work modes. More detail is provided in the Appendix.
Either detection algorithm can be used with either the simulated or predicted distributions of yielding. The two methods have been found to give comparable estimates of the onset of macroscopic yielding. For the application presented here the flood-fill algorithm is used as it is more computationally efficient.
VI. STRENGTH-TO-STIFFNESS ANALYSIS OF AUSTENITIC STAINLESS STEEL
The strength-to-stiffness ratio is a useful metric for predicting the progression of yielding within a polycrystalline aggregate because it incorporates the combined effects of the stiffness, which regulates the relative stress levels among crystals sharing a common load, and the directional strength, which limits the stress that may be carried by a given crystal. To illustrate this point, the mechanical responses are examined for two virtual samples, one exhibiting elastic isotropy and the other exhibiting high elastic anisotropy. The case of low elastic anisotropy is actually the isotropic limit. The elastic and plastic single-crystal properties for the polycrystal with high elastic anisotropy are those of AL6XN. For the elastically isotropic case, the same plastic moduli are used but the elastic moduli are re-defined to correspond to isotropic behavior. For each of the polycrystals, the five levels of biaxial ratio are examined to correlate the volume fraction of elements that have reached yielding and three metrics related to the mechanical behavior: the Schmid factor, the Taylor factor and the strength-to-stiffness ratio.
To illustrate that the anisotropies of both stiffness and strength are important in quantifying yielding in polycrystals, we compare the correlations for the low and high elastic anisotropy behaviors under uniaxial loading (BR ¼ 0). Beginning with the low elastic anisotropy case, scatter plots are presented in Figure 5 , in which the data are binned according to each of the three metrics and the macroscopic elemental yield stress. Intensity corresponds to the volume fraction of the aggregate contained in each bin. Several trends are present in the correlations. First, for isotropic elasticity, there is no difference between the correlation made with the Schmid factor and the correlation made with the strength-to-stiffness parameter, as expected since the directional stiffness is constant for isotropic behavior. The correlation is the same for the results generated with an isostrain assumption and with the finite element model, indicating that the stress is uniform over the polycrystal in both cases, again as expected because the crystals respond identically when the elastic properties are isotropic. Finally, the structure of the correlation with the Taylor factor shows several arcs among the scatter of points. These arcs are associated with the topology of the single-crystal yield surface which has five distinct families of vertices.
Similar plots are presented for the high elastic anisotropy case in Figure 6 . Here, both the elastic and plastic crystal properties are for AL6XN. The contrasts between the two sets of figures are striking. There is no correlation between the Schmid and Taylor factors and the macroscopic elemental yield stress (Figures 6(a) and  (b) ). The vertical streaking is due to the fact that, although the strength parameter is a constant over the grain, the entire grain does not yield at the same macroscopic stress. The heavy streaks are likely produced by large grains. In Figure 6 (b) there is a pocket of elements with low Taylor factors that yield at a higher macroscopic stress than the other elements. This pocket corresponds to the crystals with a f100g axis being parallel to the [001] sample (loading) direction. Crystals within this set of orientations have low strength, but also low directional stiffness. These crystals have relatively high strength-to-stiffness and therefore yield at a higher macroscopic stress than other crystals. Strength-to-stiffness formulated with an isostrain assumption exhibits some correlation with macroscopic elemental yield stress In the special case of elastic isotropy at the microscale, the strength-to-stiffness parameter is dependent only on anisotropic strength. For this special case, the Schmid and strength-to-stiffness parameters both correlate to the macroscopic strength at which localized yielding occurs.
( Figure 6(c) ). The elements that yield first all have low strength-to-stiffness, and elements with high strength-to-stiffness are among the last to yield. However, there is a large volume fraction of material with low strength-to-stiffness that yields over a range of 100 MPa. Thus, the isostrain approximation of strength-to-stiffness is not very predictive, as it does not take into account that the local stress is different from the macroscopic stress due to intergranular interactions due to compatibility constraints. Only when the local stress, or equivalently the local elastic strain, from the finite element simulation is incorporated into the strength-to-stiffness formulation is there a strong correlation between strength-to-stiffness and macroscopic elemental yield stress (Figure 6(d) ). This comparison highlights the importance of neighborhood effects and illustrates that both strength and stiffness are important in governing the initiation and propagation of yielding.
The comparisons of the two sets of correlations overall show that the presence of elastic anisotropy leads to spatial heterogeneity in the stress distribution that must be considered when determining if the stress is sufficient to initiate yielding. The strength alone is insufficient as it provides no information on the heterogeneity of the stress within the elastic domain and thus is insufficient to determine how close the stress lies to the yield surface.
We now examine how the correlations between the macroscopic stress at which elements yield and strength-to-stiffness for the full range of stress biaxiality. Binned scatter plots between strength-to-stiffness and the macroscopic stress at which elements yield are presented in Figure 7 for five levels of stress biaxiality. Again, data are binned according to both strength-to-stiffness and macroscopic elemental yield stress, and the plotted intensity corresponds to the volume fraction of the aggregate contained in each bin. There is a strong, nonlinear correlation between strength-to-stiffness and macroscopic elemental yield stress for all biaxial stress states. The downward concavity of the curves is due to the increase in the local load increment, relative to the macroscopic load increment, that occurs to elastic elements when other elements yield. When an element yields, its ability to carry additional load is significantly reduced. Additional incremental load must be carried by the remaining elastic elements, so the effective load increment for those elements increases. As the local load increment increases relative to the macroscopic load increment, elements yield at lower macroscopic stresses than if the local load increment were constant, producing the downward curvature observed in the figures. The correlation between strength-to-stiffness and macroscopic elemental yield stress is stronger at low strength-to-stiffness than at high strength-to-stiffness. The correlation decreases over the course of the elastic-plastic transition because the analysis is based on a linearization of behavior in the elastic regime. As yielding progresses, local stresses evolve, deviating from the linearized values. The correlation is therefore stronger for elements that yield earlier in the elastic-plastic transition.
VII. METHODOLOGY FOR PREDICTING THE MACROSCOPIC STRESS AT WHICH YIELDING OCCURS LOCALLY AT THE MICROSCALE
Analysis similar to strength-to-stiffness can be applied to predict the macroscopic stress at which a region will yield, using the same assumptions about the macroscopic and local load histories that were used for the strength-to-stiffness formulation. In this analysis, the incremental load is carried only by elastic regions. The ratio of local stress increment to macroscopic stress increment Dr=DR, therefore, is zero for plastic regions and increases for the remaining elastic regions as yielding progresses. The local stress increment, Dr, is approximated as being directly proportional to the applied macroscopic stress increment and inversely proportional to the elastic volume fraction raised to an empirical power n
where v e and v are the elastic and total volumes, respectively. The volumetric scaling is an empirical factor that captures the increase in local load increment, relative to the macroscopic load increment, for elastic regions that occurs as yielding propagates through the aggregate. The resolved shear stress is a projection of the local stress and therefore exhibits the same scaling
Rearranging terms yields
Introducing the constant of proportionality ds Ã =dR ð Þ 0 yields the equality
where ds Ã =dR ð Þ 0 is the derivative of the resolved shear stress with respect to the macroscopic stress coefficient at zero load. This derivative can be evaluated from one load increment of a finite element simulation in the completely elastic regime.
The macroscopic load at which crystal volumes will yield during loading is estimated by integrating Eq. [42] numerically over the loading history. The result is the macroscopic stress at which a region yields, corresponding to s Ã ¼ s Ã cr in the rate-independent limit
When evaluating the macroscopic stress at which elements in a finite element mesh yield, the elements are first binned according to strength-to-stiffness ratio. Binning reduces numerical errors introduced by summing over many small stress increments. Without binning, the number of increments in the summation would be equal to the number of elements in the mesh, since each element has its own unique yield stress. Each bin is associated with a range of macroscopic stresses over which all elements in the bin yield. This range defines the macroscopic stress increment DR i for the bin. The average elastic volume is then used for the numerical integration.
VIII. APPLICATION OF THE YIELD PREDICTION METHODOLOGY TO AL6XN AUSTENITIC STAINLESS STEEL
To complete the methodology, the value of the empirical power, n, acting on the elastic volume fraction in Eqs. [39] - [43] must be specified. It was determined by comparing the predicted and simulated macroscopic elemental yield stresses. Comparisons were made for values of n from zero to unity. Binned scatter plots showing the relationship between predicted and simulated yield stresses for uniaxial loading are presented in Figure 8 for three values, n ¼ 0; 2=3 and 1. The dotted diagonal line in each plot represents the ideal agreement. No volume correction (Figure 8(a) ) corresponds to n ¼ 0. Like the strength-to-stiffness plots in Figure 7 the plot exhibits downward curvature due to the fact that the local stress increments for elastic regions increase relative to the macroscopic stress increment as yielding progresses. A volume scaling exponent of unity (Figure 8(c) ), which corresponds to a simple linear scaling, overcorrects for the volume effect. Several values between zero and one were also examined, with the value of 2 / 3 providing the best performance (see Figure 8(b) ). The predictive methodology can now be applied across the range of stress biaxiality. The predicted yield stress is obtained from Eqs. [39] - [43] using the stress increments computed for a single step in the elastic regime. The simulated yield stress values were obtained from the elemental stresses for simulations extending through the elastic-plastic transition. Figure 9 demonstrates the agreement between predicted and simulated macroscopic elemental yield stresses for five levels of stress biaxiality. As with the uniaxial case, there is good agreement between prediction and simulation, with R 2 values greater than 0.93 for all five cases.
The predictive power of the new methodology is illustrated in Figure 10 , in which the fraction of the volume that has yielded is plotted as a function of the applied macroscopic stress through the elastic-plastic transition. Also shown are error bars that indicate the fraction of elements that are incorrectly predicted to have yielded. The volume fraction in error remains small, less than about 0.08, throughout the loading. This demonstrates the effectiveness of using the directional strength-to-stiffness to predict yielding.
IX. CONCLUSIONS
A generalized metric for the directional strength-to-stiffness has been proposed for multiaxial stress states. This metric is an extension of a metric previously developed for uniaxial stress. The new metric is shown to be an effective for predicting the volume fraction of crystals yielding under a range of biaxial stress states both for low and high levels of elastic anisotropy. It is shown to be more effective than either the Schmid factor or Taylor factor for this purpose as it incorporates grain interaction effects that alter the stress during loading. Using the generalized strength-to-stiffness metric, a methodology is presented for predicting the progression of yielding in polycrystalline aggregates through the elastic-plastic transition based on stress distributions generated in a single elastic load step. The method is demonstrated for a range of biaxial stress states. The development presented here is demonstrated only for single-phase alloys, but the approach can be extended to multiphase systems. The motion of a polycrystal is determined by solving a set of field equations consisting of equations of equilibrium and kinematics, equations for the constitutive behavior, and boundary conditions. In this work, we use the finite element code, FEpX, to solve this set of equations specifically for the mechanical response of polycrystalline aggregates. The summary provided here of the FEpX formulation is taken heavily from its documentation. [39] Equilibrium is enforced by requiring a global weighted residual to vanish:
The residual is manipulated in the customary manner (integration by parts and application of the divergence theorem) to obtain the weak form:
½A2
Kinematics are introduced through equations that relate the velocity field to the deformation rate and spin via the velocity gradient, as outlined in Section IV. The velocity field is represented with the finite element interpolation functions presented later in the Appendix. The constitutive relations enter to relate the stress to the motion, in particular the deformation rate and spin. Equations [24] through [34] are now merged into a single equation that relates the Cauchy stress to the total deformation rate. First, the spatial time-rate change of the elastic strain is approximated with a finite difference expression:
where e e f g is the elastic strain at the end of the time step and e e 0 È É is the elastic strain at the beginning of the time step. The difference approximation is employed in an implicit algorithm, wherein the equations are solved at the time corresponding to the end of the time step. This time corresponds to the current configuration. Writing the time rate of change of the strain in terms of strains at two times facilitates substitution of Hooke's law -namely at the end of the time step. The elastic strain at the beginning of the time step is known from the solution for the preceding time step. For the volumetric part of the motion this gives:
The d f g and X ½ matrices facilitate performing trace and inner product operations. For details, see Reference 39. The integrals appearing in Eqs.
[A17] through [A21] are evaluated by numerical quadrature.
An implicit time integration scheme is used in FEpX to advance the solutions for the motion and state over a specified history of loading. An estimated material state at the end of each time increment is used to evaluate the constitutive equations. Implicit integration ensures stability. The solution algorithm for each time increment begins with initializing an initial guess of the velocity field. The deformed geometry at the end of the time increment is then estimated, based on the velocity field. The velocity gradient is computed and used to solve for the crystal state (trð e Þ, e0 , R Ã , and g a ) at each quadrature point. Constitutive matrices for the equilibrium equation are computed using the updated material state and used to solve for an updated velocity field. Iteration continues on the geometry, crystal state, and velocity field until the velocity solution is converged. The solution then advances to the next time increment.
APPENDIX B: YIELD DETECTION USING EIGENMODE ANALYSES
To detect the existence of a yield band for multiaxial loading, a purely elastic auxiliary system is considered. In this auxiliary system, elastic regions have nonzero stiffness and plastic regions have zero stiffness. Essential boundary conditions of zero normal velocity are imposed on each of the coordinate planes. The global stiffness matrix is assembled and its nullspace computed. The nullspace of the stiffness matrix is comprised of all deformations that produce zero strain energy. Any deformation in the nullspace can be represented as a linear combination of orthonormal basis vectors that span the nullspace. The dimension of the nullspace is equal to the number of zero eigenvalues of the stiffness matrix. Trial displacement fields are used to test for yielding. Each trial displacement field represents uniform displacement along one of the coordinate directions. Each trial displacement field is projected, in turn, onto the nullspace. If, for any trial displacement field, the projected surface displacements match the trial surface displacements, it can be concluded that the surface is separated from the opposing surface by a yield band, which implies macroscopic yield. Otherwise, the material is still macroscopically elastic. The analysis applies to a rectangular prismatic material domain consisting of both elastic and plastic regions.
Two-dimensional examples are presented in Figures B1-B4 . In these examples, dark gray represents elastic regions and light gray represents plastic regions. The dashed outline demarcates the boundary of the undeformed mesh. The boundary conditions and trial displacement fields applied to the auxiliary system are shown. The trial displacement magnitude is half an element width. In the first example, (Figure B1 ), there is no yield band. Both surfaces translate non-uniformly and the material is therefore elastic. In the second example ( Figure B2 ), there is a yield band running vertically through the material. The right surface translates uniformly by the trial displacement and the material is therefore yielded. The third example in Figure B3 is similar to the second, except that the yield band runs horizontally through the material and the top surface translates uniformly. In the fourth example ( Figure B4 ) there are both horizontal and vertical yield bands. Both surfaces translate uniformly by the trial displacement, and the material is yielded.
